A method for computing the low energy non-perturbative properties of SUSY GFT, starting from the microscopic lagrangian model, is presented. The method relies on i. covariant SUSY Feynman graph techniques, adapted to low energy, and ii. the Renormalization-Group-improved perturbation theory. We apply the method to calculate the effective gauge coupling in N = 2 SYM model and the glueball superpotential in N = 1 SYM. While in the first case one obtains only the one-loop perturbatively exact result, in the second case one obtains a potential of the Veneziano-Yankielowicz type.
Introduction
The duality between matrix models (MM) and supersymmetric gauge field theories (SUSY GFT) [1] provides some important insight into the non-perturbative structure of the latter, although it originates out of the framework of string theory ("spin offs"). In [2] , the perturbative proof of this duality (or equivalence relation) has been given, chiefly making use of the supersymmetric covariant Feynman calculus, previously developed by some of the same authors [3] . This method allows one to extract information about the low energy, holomorphic, part of the complete effective action, i.e. the superpotential.
With the help of the generalised Konishi anomaly [4, 5] the superpotentials for a wide class of SUSY GFT models have been computed. Such computations are essentially of quantum field theoretical nature: the matrix model approach can be in practice formulated without any reference to its original source of inspiration, i.e. string theory [6] . There are, however, a few omissions in the application of matrix model approach which seem to imply that, after all, some reference to its stringy origin is unavoidable.
A notable example of such an omission is the leading Veneziano-Yankielovicz (VY) term [7] in the superpotential for N = 1 SUSY GFT models. Indeed, as the VY term depends just on the pure gluonic dynamics, it is even stated to be outside the scope of the method, which relies on integrating out the massive matter degrees of freedom [6] .
Recently, Hailu and Georgi [8] have computed the superpotential of N = 1 U(N) GFT model (gluons plus one matter field in the adjoint representation) including the leading VY term. In [8] they start directly from the corresponding MM rather than going through the QFT such as SUSY calculus of [2] and generalised Konishi anomaly [5] .
In this note, we would like to present a similar computation from a completely quantum field theoretical point of view without referring to MM. We apply the low energy SUSY calculus (proposed in [2] ) to the regularised and renormalization-group-corrected N = 1 SUSY Yang-Mills model (the so called N = 1 * SYM) and compute the low energy "Wilsonian" action which is the analogue of Wilsonian action in the conventional cut-off regularisation method [9, 10, 11] .
After a brief introduction to the techniques of [2] , we give a short description of our version of the renormalization group method and "Wilsonian" action which is based on the method by Polchinski and Gallavotti, as applied to certain SUSY GFT models. These latter are regularised by mass deformation of N = 4 SYM following the lead of Arkani-Hamed and Murayama [12] . One can find a fuller description in [12] and [13] .
To illustrate our method we first address the simpler problem of computing the effective low energy N = 2 SYM gauge coupling. We will end up with the well known perturbatively exact result [14] , apparently not being able to take into account "instantonic contributions" [15] .
Then we move on to the N = 1 SYM model, aiming for the glueball superpotential (VY potential). We are able to describe the low energy dynamics of pure glue with no reference to the presence of heavy matter fields, such as the additional chiral superfield in the adjoint of [8] . This result comes out integrating out the heavy, non physical, auxiliary, chiral fields, added for regularisation purposes only [12] . As to the VY potential in [8] , we can obtain it by altering our method a little, more precisely by singling out one of the auxiliary fields as "physical".
Finally, in the appendix, we make some comments on the relation between the holomorphic and canonical representations for the action and the corresponding dinamically generated scales.
SUSY calculus for low energy physics
In the study of non-perturbative properties of SUSY GFT it is possible to obtain interesting and exact results, such as the evaluation of the superpotential, by concentrating on the low energy, holomorphic, aspects of the theory. In such a "limited" domain of applications one is led to expect that some basic QFT techniques, (e.g. Feynman graphs) can be adapted and formulated in such a way so that one may simplify the computation enough to be able to study some quantities of interest.
Such a technique has been put forward in [2] and applied to the "perturbative" proof of MM-SUSY QFT correspondence. It consists precisely in the modification of covariant SUSY Feynman graph techniques of Grisaru and Zanon [3] , adapted to study low energy physics. For the present work the technique allows us to partially replace the reliance on Konishi anomaly (which was needed, for instance, in [12, 13] ) with a more flexible, and sometimes more precise, method of computation. In this section, we will give a brief introduction to the method of [2] . Further details can be found in [6] , beside the original work. We will follow the conventions introduced in [16] .
The example we have chosen is the evaluation of the holomorphic part of the partition function for chiral fields (in the adjoint representation) in an external gauge field background.
(2.1) where (φ) φ is a (anti-)chiral superfield in the adjoint representation of the gauge group G=SU(N), and the 1/N takes care of the trivial ultra-violet (UV) divergences (one may choose for example N = Z(µ 0 ,μ 0 ) for some appropriate µ 0 ,μ 0 ).
The first step to evaluate (2.1) is to integrate out the antichiral field . We do this by going over to the gauge chiral representation φ =φ e V = e −Vφ .
(2.2)
One has ∇αφ = 0,
having defined the operators appropriate for the gauge chiral representation as
By making use of the generalisation (covariantisation) of usual relationships, it is possible to reexpress the integrals on the chiral or antichiral subspace only as integrals on the full Grassmannian space:
Now it is possible to "diagonalize" the dependence upon φ andφ in (2.1) by writing:
(2.5) where we have used the conventions:
So far our transformations of (2.1) are exact, being only algebraic manipulations. Now we introduce a series of simplifications valid only for computations of low energy physics, such the determination of the superpotential. In particular, following [2] , we assume that i. S ≡ W 2 can be treated as a constant; this of course implies that W α is covariantly constant, e.g. {∇ α , ∇α}W β = 0;
ii. the term ∇ α W α in (2.6) is irrelevant;
iii. moreover, moving to the new gauge:
iv. cov can be replaced by the ordinary D'Alembertian, .
Under these simplifying assumptions, the partition function (2.1) is reduced to
As is well known, the computation is much easier in momentum space. Following the lead in [2] , we will Fourier-transform not only the ordinary space-time coordinates, but also the Grassmannian ones, θ,θ:
which will bring about a number of important simplifications. (2.7) can therefore be rewritten as
where φ * is the Fourier transform of φ.
The "Feynman rules" represented in (2.8) exhibit a couple of very important characteristics which can be used to simplify more complex computations.
The first is scale invariance: under the rescaling
As a result, one can see that the value of the coefficient ζ 2 /μ multiplying the momentum part in (2.8) is irrelevant. If one chooses, for instance, ζ 2 /μ = 1, then 1
(2.9) where in the second line we have Wick-rotated the momentum p to the Euclidean one. 2 The second concerns the π dependence. The ("one-loop") integration in (2.9) contains the Grassmann d 2 π = 1/2 dπ 1 dπ 2 , which must be fully absorbed by the integrand. Thus the only non vanishing contribution comes from the order-W 2 term of the same integrand. Expanding it in powers of W π one has
(2.10) 1 Note that this implies giving up the information on the antiholomorphic part of the action. 2 The momentum has been rescaled to rid us of the dependence uponμ. Therefore the dimension of p 2 is now [mass], i.e. it is homogeneous with µ.
where t 2 (A) is the Dynkin index of the adjoint representation of the gauge group [t 2 (A) = N c for SU(N c )] and τ = p 2 .
The above expression is divergent. On the other hand, one can compute
(2.11) Integrating (2.11) one obtains
The expression (2.12) shows its close connection with the Konishi anomaly [4] . As a matter of fact, if one rescales the φ fields in (2.9) by λ, i.e. letting φ * (p, π) → λφ * (p, π) and takes into account the (possibly non-trivial) corresponding Jacobian,
Now, exploiting the scale invariance of the measure d 4 p d 2 π, the λ multiplying the momentum part can be set to one, leaving
The computation illustrated above is equivalent to the old-fashioned Feynman graph method of determining the anomalies in supersymmetric Yang-Mills (SYM) model [17, 13] . The method proposed in [2] , instead, recognises the common principles in those approximate computations and reformulates them as a method for efficiently extracting the holomorphic part of the superpotential.
3 Regularised N = 1 and N = 2 SYM models 3.1 N = 1 * and N = 2 * models In the absence of a general, symmetry-preserving cut-off scheme for supersymmetric gauge field theories [18] , we adopt the following regularisation, applicable only to the limited class of SUSY GFT models originally suggested by Arkani-Hamed and Murayama [12] .
We make use of the fact that four dimensional N = 4 SYM is UV finite [19, 20] . The classical action for the model is
all the relevant fields transforming as the adjoint representation of the gauge group. (3.1) is written in the so-called holomorphic form, which is equivalent to the more usual canonical form with the rescaling W a (V ) → W a (g c V c ). (However one must pay attention to the corresponding Konishi anomaly [4, 12] . See appendix A.) The holomorphic gauge coupling constant,ĝ 0 , is given by
Now it is known [20] that the quantisation of the model with classical action S N =4 is still free from UV divergences even in the presence of mass deformations, i.e. terms of the form
Moreover, it is believed to be also free of infra-red (IR) divergences if all the external states are gauge invariant [20] . Thus, we assume that the partition function
is well defined for an arbitrary set of masses M 0 = (M 0i ) 3 i=1 . By choosing the special cases,
one can realise the regularised models which, at energy scales much lower than M 0 , give the physics of N = 1 and N = 2 SYM respectively.
In the limit that M 0 → ∞ and g 0 → 0 with
held fixed, we have pure N = 1 and N = 2 SYM models.
Renormalization group transformation
As has been suggested in [12, 13] , we can compute the effective "Wilsonian" action, S M , by varying the regularising mass, M 0 (which is to be much bigger than any physical scale we are interested in) to a much smaller value, M , while keeping the physics (that is the numerical value of Z M 0 ) unchanged. We look for the transformation which implements the equivalence relation:
In general, S M is non local and expressed as a functional integral over some auxiliary fields.This is the adaptation of the so-called Exact Renormalization Group (ERG) method for the usual momentum-cutoff-regulated quantum field theory [9, 10, 11] , where the equality
is required. In the above, S ′ Λ 0 (Φ) is the bare action with UV cutoff Λ 0 . In some simple models, we can implement the condition 0 < |p| < Λ(Λ 0 ) at the level of the propagator by singling out the regulated kinetic term from the action, i.e.
where K Λ (p) is the cutoff profile corresponding to 0 < |p| < Λ and again Φ * is the Fourier-transformed field. S Λ satisfies the well-known Polchinski's equation [9] Λ∂
One can easily see, then, that in the limit that Λ → 0, S Λ contains all the information about the complete solution of the original model with ultraviolet
with W Λ 0 (J) being the generating functional of connected Green's functions with UV cutoff Λ 0 .
As has been shown in [13] , our action S M (V, φ i ,φ i ) in (3.9) satisfies the analogue of (3.11) with Λ replaced by M when the contribution of the Konishi anomaly is subtracted [13] .
From a physical point of view, we may assume that the analogue of (3.12) is also valid for our simplified regularisation and corresponding RG transformation, (3.9). Therefore we assume that for small enough M (M ≪ M 0 ), the action S M (V, φ i ,φ i ) in (3.9), i.e. the solution to the anomaly-corrected Polchinski's equation, describes with good approximation the physics at energy scales M ≤ E ≪ M 0 , with no further quantisation procedure (path integral).
We can compute S M by generalising the Zinn-Justin's transformation [21, 22] , originally in the form:
to the much simpler form of Gaussian integration:
which is to be inserted in the first line of (3.9). In (3.14) , M is the "reduced" mass, defined by 1/M 0 = 1/M + 1/ M . The formal expression for S M turns out to be
.
(3.15)
To illustrate the method so far described, we will devote the next section to describing how to compute the effective N = 2 gauge coupling. Then we will move on to the more complex problem of computing the glueball superpotential in the N = 1 SYM model.
N = 2 SYM model and effective gauge coupling
The partition function for the regularised N = 2 SYM is given by (3.4) with the mass configuration, (3.6) . In what follows, φ 3 (φ 3 ) will be replaced by φ (φ). (V, φ,φ) constitutes the physical N = 2 vector multiplet.
Starting from that partition function, one would like to compute the effective gauge coupling for the model. As one is interested only in the low energy holomorphic part of the effective action, the simplified Feynman rules of sec. 2 can be applied.
After integrating outφ i = e Vφ i , i = 1, 2, one can rewrite Z M 0 as
1) where the ellipsis refers to terms depending upon V, φ,φ. Note that S N =4 is quadratic in the auxiliary fields, φ 1 , φ 2 . The matrix A(φ) in the above corresponds to the cubic interaction in S N =4 and it is given by
with F a being the generators of the adjoint representation of SU(N c ), a, b the corresponding indices and i, j = 1, 2. Also W (φ) = (i W · F ) ab δ ij . Now (4.1) is Gaussian in the auxiliary fields, φ * i (p, π) [which, in this approximation, are decoupled from the antiholomorphicφ i ]. Hence one may be tempted to integrate out the auxiliary fields directly so as to obtain the (low energy part of the) effective action.
However, there are two obstacles to this line of reasoning. First of all, the integrals over the (Euclidean) 4-momentum are divergent. Secondly and more importantly, perhaps, in this way one does not have any small parameters through which to attempt a systematic approximation. Indeed, the parameters with dimension of mass are M 0 and φ ∼ φ . M 0 is expected to be large but in the weak coupling region -where one can hope to get concrete results -| φ | is large too. As a consequence, there is no certainty about the order of magnitude of, e.g. , the ratio φ/M 0 .
It would be much more convenient if one could introduce some definitely small parameter, M , such that M/|φ| ≪ 1(M ≪ M 0 ). The ERG approach outlined in sec. 3.2 is precisely the answer to this problem, as it amounts to lowering the regularising mass without changing the physics. The price to pay for such a strategy, though, is that one does not obtain immediately the effective action, but the "Wilsonian"
(3.9,3.15)], with the hope it contains enough information on the low energy physics with no further integration over the auxiliary fields.
Applying the RG transformation, M 0 → M ≪ M 0 detailed in sec. 3.2, one ends up with the almost trivial expression with p 2 being the Wick-rotated 4-momentum. Now, as has been pointed out in sec. 2, it is only the order-W 2 term that gives a non-vanishing contribution. Thus one gets
(4.5) In order to simplify the evaluation of the trace over the gauge group, from now on we will restrict ourselves to: i. the SU(2) gauge group; ii. the massless configuration under the assumption φ · σ = aσ 3 , a = 0: W = (0, 0, W ), φ = (0, 0, φ).
Those restrictions are not essential though [see [23] for the calculation of a similar trace in the case of SU(N c )].
Eq. (4.3) becomes
(4.6) To single out the effective gauge coupling, one must also take account of the contribution from the kinematical term in the original S N =4 :
(4.7) The total contribution amounts to
Assuming |φ/M | ≫ 1 (weak coupling regime) and taking the limit that M 0 → ∞, g 0 → 0 with Λ N =2 fixed (pure N = 2 SYM), (4.8) reduces to
i.e. the effective gauge coupling is
(4.10) (4.10) agrees with the well-known one-loop perturbatively exact result [14] . From the RG point of view, (4.8,4.10) imply that the effective gauge coupling constant does not diverge at M = Λ N =2 . Instead, due to the Higgs mechanism, it stabilises to the value in (4.10) as M → 0.
Unfortunately, (4.10) does not give any information on the instanton contribution, which is known [15, 24, 25] to be of the form ∞ n=1 c n (Λ/φ) 4n . In the last section we will comment on this issue, i.e. on why it does not seem to be possible to go beyond the one-loop result in N = 2 SYM.
In this case, however, we are able to get the superpotential, which is of the well known Veneziano-Yankielowicz type.
From (3.4,3.5) , the regularized partition function for the N = 1 SYM (N = 1 * model) is
The problem is more complicated than in the N = 2 SYM case since we have to deal with all the three auxiliary fields ( φ i ) 3 i=1 which enter the bare action S N =4 with a cubic interaction term.
To compute the Wilsonian action S M , one proceeds in two stages. In the first stage, one takes advantage of the fact that the original action is still quadratic in φ 1 and φ 2 , and tries to integrate them out by the RG transformation of sec. 2. In the second stage, one moves on to integrating out (i.e. reducing by RG procedure) the remaining chiral field 3 φ 3 .
φ 1 and φ 2 reduction
One applies the process described in the previous section keeping φ 3 out as if it were an external field. This part of the computation is completely analogous to the N = 2 SYM case (sec. 3) except that i. φ 3 , temporarily treated as a "classical" background field, represents small oscillations around φ 3 = 0, rather than | φ 3 | ≫ Λ as in the N = 2 SYM case.
ii. One cannot ignore the component of φ 3 orthogonal to W as in sec. 3.
Following sec. 2, we integrate out φ i =φ i e V , i = 1, 2. Then Z M 0 is reduced to
2) where i, j = 1, 2 a, b = adj(SU(N c )).
Applying the RG transformation of section 3 (i.e. M 0 → M ≪ M 0 ), (5.2) takes the form 
4) where the 4-momentum p µ has been Wick-rotated.
From now on, for definiteness and simplicity, we limit ourselves to the SU(2) gauge group. 4 Then the matrices A and W are explicitly:
with α = 1, 2 i, j = 1, 2 a, b, c = adj ( SU(2)) = 1, 2, 3. To simplify the notation, we will drop the index from φ 3 :
In (5.4) we have to perform the integration of a function of the form:
where µ stands for M 0 or M . One can still choose a special direction for the "external" field W : W = (0, 0, W ).
Then (5.7) becomes:
We first effect a change of variables:
Thus the integral to be effected in (5.4) is
The terms in the first curly brackets are identical to those in the N = 2 SYM case (cf. sec. 4); they give:
The terms in the second line of (5.9) are proportional to the projection of φ in the direction orthogonal to that of W and give:
Together they give the effective potential term for φ(= φ 3 ) and one can now proceed to the next stage, the reduction of φ 3 .
φ 3 reduction
Applying the RG transformation (M 0 → M ), introducing the auxiliary fields (φ ′ ± , φ ′ 3 ) and diagonalizing, (5.16 ) is transformed to:
with I, J, K = +, −. The linear term comes from the last term in (5.16) after the diagonalization. Discarding it for the moment, we can effect the path integral Dφ ′ ± Dφ ′ 3 . After a Wick rotation, the relevant factor for Z M 0 comes from the bilinear term in (5.17) :
Note that the integral over the "neutral" field φ ′ 3 gives only a vanishing contribution in our approximation scheme (cf. sec. 3). Effecting the π 1 , π 2 integral in (5.18), the exponent becomes:
. (5.19) Effecting the integral over d 4 p = τ dτ 16π 2 one obtains:
Thus the contribution (5.18) 
where, as usual, S ≡ W 2 . To this one must add a) the residual constant term coming from the computation in sec. 5.1:
b) the gauge kinematic term in S N =4 :
Putting together all the terms, one obtains
Now choose M so that S 1/3 M ≫ 1 and consider the pure SYM limit M 0 → ∞, g 0 → 0 with Λ N =1 fixed:
which gives the effective potential
Eq. (5.24) is of the VY form [7] . One can study the vacuum structure of N = 1 SYM looking for the minima of the W ef f ∂W ef f ∂S S = 0. (5.25) Bearing in mind that θ 0 is defined only up to 2kπ, k = 0, ±1, ±2 . . . , the solution to (5.25) is:S
One can now conclude that
ii. the vacuum is two-fold degenerate.
For SU(N c ) one expects, instead of (5.24),
which predicts a N c -fold degenerate vacuum.
Linear term
In (5.17) we have left out the linear term in the auxiliary fields φ ′ ± and φ ′ 3 . The effect of such a term is to generate an additional 4-point vertex in the effective potential which is not strictly local. However, in the limit of low energy, this vertex reduces to
(5.28) (5.28) is potentially interesting because it breaks the original "flavour" symmetry of SU(2) among (φ i ) 3 i=1 to SO(2) (the rotations around φ 3 ). The effect of such a term is negligible in the limit M 0 → ∞.
Conclusions and problems
In this note we have presented an elementary QFT computation of the glueball superpotential. Apart from the use of techniques valid only in the low energy regime, we did not attempt to evaluate the corrections due to the O(φ 4 ) term in the effective potential, (5.11) . In principle such corrections can be computed making use of the low energy Feynman graph techniques of [2] (the MM correspondence!). If one is willing to assume that such corrections do not alter the form of the VY potential, (5.27) , and thus the conclusion on the vacuum structure of N = 1 SYM can stay invariate, then it is natural to ask why our method has failed in the case of N = 2 SYM, i.e. why we have not obtained the Seiberg Witten instanton corrections.
About this point, we may quote the result of a very recent work by Hailu and Georgi [8] . Applying directly the MM methods (i.e. without going through the perturbative intermediary of [2] ) they compute the superpotential for N = 1 SYM with one heavy matter hypermultiplet in the adjoint representation, with an arbitrary tree level potential. They succeed, in particular, in obtaining the leading VY term in the superpotential, which reads
where S = W 2 /32π 2 and m is the mass of the heavy chiral field. This model can be easily treated by our method with only a slight change. Explicitly, in the computations of sec. 5, one should ascribe to the field φ 3 the independent, physical mass m instead of M 0 . φ 3 ≡ φ is now a physical degree of freedom just as in the case of N = 2 SYM (in which one would have m = 0). Repeating, step by step, the computations of sec. 5 with φ having physical mass m, and RG-reducing m to some other value m ′ ≪ m, we obtain, instead of (5.20), i 4
(6.2)
One may get rid of the kinematical term by choosing
= 0 for G = SU(2). (6.3)
Thus the effective potential is i 4
(6.4)
By choosing m ′ ≪ m and assuming S 32π 2 ·3·mΛ N =2 2 ≪ 1, then the superpotential becomes proportional to 2S ln S 32π 2 · 3 · mΛ N =2 2 + iθ 0 , (6.5)
which is the special case of (6.1) for N c = 2. Note that to obtain (6.2) one has to follow the computations of sec. 5, integrating (or reducing) all the heavy chiral fields, both physical and not.
In our approach to N = 2 SYM, two of the components of the physical field φ 3 acquire mass of order | φ |, leaving only the third component massless. This means that, in order to get the full gauge coupling one has to reduce also the first two components φ 1 , φ 2 , treating φ 3 as external (∼ φ 3 = a).
However this situation is not very appropriate for a straightforward application of our technique because to exhibit the mass of φ 1 , φ 2 , gained by the Higgs mechanism, one has to break the original N = 1 superfield structure of the classical action (one must break up both φ 3 e V φ 3 and W 2 terms). Thus one cannot hope to correct the one-loop result (4.9), which gives the leading order in ( Λ φ ), unless one reformulates and restructures our method. We feel that it is evident that our method bear a close relationship to MM computations, especially the "perturbative" approach of [2] .
In the MM approach, the existence of at least a physical, heavy, chiral field (hypermultiplet) appears to be indispensable. In our approach, such a kind of field enters even for the pure N = 1 SYM case, as a mechanism for regularization. Rather surprisingly, when the auxiliary fields are integrated out, in the sense of a RG transformation, as explained above, they leave as a residue the pure glueball superpotential, of the VY type. Indeed, our method can be brought in exact correspondence with the approach of [2] , except for the fact that we deal also with the leading VY potential coming from the "vacuum graphs" with one loop (discarded in [2] ) [26] . To make these graphs -which correspond to an expression of the form exp i tr ln (propagator) -meaningful, one has to rely on the RG transformation technique that we propose.
In the past, the VY term for N = 1 SYM has been obtained as a one-loop effect in the context of the correspondence between N = 2 supersymmetric sigma model in 2D and N = 1 SYM in 4D, established through T 2 compactification. The superpotential is supposed to be immune to volume effects in the compactified space [27] . In our approach, instead of dimensional reduction, the ERG method produces convergent expressions directly in four dimensions.
Lastly, we might also ask whether, did one directly apply the MM techniques (as in [8] ) to the regularized model, (3.4) , and take the appropriate limit to realize N = 1 or N = 2 SYM, one would obtain the correct superpotentials (i.e. VY for the N = 1 case, and Seiberg-Witten for N = 2)? Such method will perhaps give the simplest way for an unified understanding of the low energy physics of GFT, which seems at the moment possible only through a string theory approach [28] .
